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A method is devised for treating the transfer of a light particle such as a hydrogen atom or a proton between
two heavy particles, for the case of a collinear symmetric reaction AH + A—A +HA. Polar coordinates
{p,6) with origin at the origin of the usual mass-weighted skewed-angle potential energy contour plot are
employed to simplify the calculation. Symmetric and antisymmetric vibrationally adiabatic states are obtained
at each p. They provide an effective potential for the o motion and are used to obtain the elastic adiabatic
phase shifts for the p motion and from them the transfer probability. The p motion corresponds
approximately to that of the heavy particles and the & to that of the light one. Semiclassical limiting
expressions are obtained and provide a description of light particle tunneling at low energies for
heavy-light-heavy particle systems. Numerical results are given and the present approximation is good for

the systems investigated.

I. INTRODUCTION

In low energy thermoneutral or nearly thermoneutral
reactive cqllis'ions, only one vibrational state is often
possible in both reactants and products and the vibra-
tional quantum number appears conserved. For these
(and other) collisions quasiconstants of the motion may
exist which remain approximately conserved throughout
the collision. If such a quasiconstant of the motion can
be found for a particular reaction, usually in the form
of a suitably defined generalized vibrational quantum
number, it can improve the understanding of the dynam-
ics of the reaction and facilitate its computational treat-
ment,

If a quasiconstant of the motion does exist for a par-
ticular reaction, one of the ways of finding it is to find
a set of coordinates in which the Hamiltonian is nearly
locally separable and one of the coordinates represents
a generalized vibration which remains to a large extent
in the same quantum state throughout the collision.

One approach of this kind is based on the near separa-
bility of the potential energy surfaces for some reactions
in the vicinity of the minimum energy path from reactants
to products. In terms of “natural collision coordinates,”?
designed to take advantage of such near separability of
_the potential energy surface, the vibration of the reac-
tants gradually changes its character during the colli-
sion to become a vibration of the products, passing
through a symmetric stretch vibration or the collision
complex. Such a near separation is expected to be-most
suited, other things being equal, to collisions in which
the minimum potential energy path has a low curvature
in the usual mass-weighted Cartesian coordinate space.®
It has been useful for treating a variety of other reac-
tive collisions.?®

One class of reactions, the exchange of a light parti-
cle between two heavy ones, has radically different dy-
namical features and should be given a different treat-
ment. The “reaction path curvature” is typically large
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in some regions because of the acuteness of the skewed
angle in the usual mass-weighted coordinate plot for this
reaction class. The large difference in masses in this
case points to an effective Born—Oppenheimer* type
adiabatic separation between the motion of the light atom
relative to any of the heavy particles and the relative
motion of the heavy particles.

The adiabatic separation of the motion of hieavy and
light atoms has been successfully utilized in finding ei-
genvalues of hydrogen bonded systems. 5 In collision
problems a closely related approximation of treating
the heavy particles’ motion classically and the light
particles’ motion quantum mechanically has also been
used.® A semiclassical treatment which utilizes essen-
tially the same dynamical features to simplify the ex-
pressions for the classical S matrix has also recently
been developed.’

In the present paper the adiabatic separability of the
light atom motion from the heavy atoms motion is used
to simplify the quantum mechanical treatment of reac-
tive collisions which involve exchange of a light particle,
usually a hydrogen atom or a proton, between two heavy
ones. Only the symmetric exchange of hydrogen atom
between two heavier atoms is treated in detail. Simple
approximate expressions for the reactive transition
probability in the ground vibrational state are derived.
The nonsymmetric case will be discussed in a later
paper, : :

The Schrddinger equation for the system and the co-
ordinate system in which the adiabatic separation can
be utilized are presented in Sec. II. The transfdrmation
of the Schridinger equations into a set of coupled ordi-
nary differential equations in the adiabatic representa-
tion is given.in Sec. III. The symmetric exchange case
and the adiabatic approximation which leads to a simple
expression for the reactive transition probabilities are
given in Sec. IV.- A semiclassical limit expression,
valid under certain conditions, is derived from the quan-
tum mechanical result in Sec. V. Calculations-of the
transition probabilities for two model potential ‘energy
surfaces are given in Sec. VI. A discussion of the -
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FIG. 1. A potential energy contour plot of the surface 1b in
mass-weighted coordinates. Several values of the contours
are listed in keal. A reactive classical trajectory with energy

8,93 keal, slightly above-the classical threshold, is also shown -

(dashed line). The sudden jump of the trajectory from the reac-
tants’ to the products’ region well before reaching the saddle
point is characteristic for transfer of a light particle between
two heavy ones. This is in contrast to the usual picture of 2
vibrationally adiabatic collision in which the trajectory winds
along the minimum potential energy path. Most trajectories

are less symmetric than the one shown.

treatment, its possible extensions, and a classical path
approximation are given in Sec. VII. The principal
-equations in the paper are Eqs. (4.10), (5.7), (5.11),
and (7.5).

1l. SCHRUDINGER EQUATION AND THE COORDINATE
SYSTEM

The Schridinger equation for a collinear reactive
atom-diatom collision AB+C~ A + BC can be written,
after separating the center of mass motion, in atomic
units as

1 e 1 @8 w( Y o= (a=1,2
[- Wuﬁ - zmas;g"' Y as Rc]d"Ewt a=1,2),

(2.1)
where r, is Zg = Z, (Z denotes position along line), R,
is Zo - 2,5, where Z,; is the position of the center of
mass of the AB molecule, and m,; and M, are the corre-
sponding reduced masses. The subscript 2 refers to
the same quantities for the reverse reaction. So7;is
Z.~-Zg and Ry i8 Zyc —Z,, Zpc being the position of the
center of mass of the BC molecule.

For systems with M, > m,(a=1,2) at low energy a
Born-Oppenheimer* type adiabatic separation of the hy-
drogen atom motion (along 7,) and the heavy particle
motion (along R,) may exist and can be utilized to de-
velop an approximate solution.

In order to simplify the derivation it is convenient to
masg-weight' the coordinates in Eq. (2.1) as

Xe=MY2Ro; yo=ml/ 27y (@=1,2) . (2.2)
The resulting typical shape of a potential energy func-
tion for a collinear arrangement of two heavy atoms with

a light one between them plotted in mass-weighted coor-
dinates is shown on Fig. 1 as a contour plot. The sharp
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angle y between the axes on the plot is due to the large
ratio of the scaling factors in Eq. (2.2}, i.e., to the
large mass ratio M,/m, and is given by

(2.3)

where mp is the mass of the middle atom B. When M,/
mq > 1 the angle y for a symmetric reaction is approxi-
mately (2mg/m, )%

Y =tan.‘ ma/(Ma mﬂ)l/% »

The Schridinger equation in coordinates [Eq. (2.2)]
becomes

2 2
(-3 3o+ Vomsa) ) 4=E0 , (@212

It is the same as the Schrddinger equation for a particle
with mass 1 moving in a two-dimensional potential field
V(x,). The characteristic feature of the shape of the
potential energy function in mass-weighted coordinates
is the existence of two long narrow almost parallel
channels (Fig. 1). The motion of the particle along the
channel length corresponds largely to the relative mo-
tion of the two heavy particies, while across each chan-
nel it corresponds to the motion of the light particle
relative to one of the heavy atoms.

(2.4)

L 2

The relevant features of the potential energy surface
in coordinates [Eq. (2.2)] which lead to vibrational adi-
abaticity can be illuminated by plotting an example of a
low energy reactive classical trajectory for 2 symmetric
hydrogen atom exchange reaction shown in Fig. 1. The
vibrational state of the system, i.e., the classical ac-
tion variable for the motion parallel to the channel
width, remains largely unchanged during the slow ap-
proach of the reactants, due to the very moderate change
of the profile of the bottom of the well over a vibrational
period of the trajectory. Subsequently, the AB vibration
can be viewed as being transformed briefly (for half a
vibrational period) into an asymmetric stretching vibra-
tion of the ABC complex, when the trajectory passes
from the reactants’ channel into the products’ one.
Once in the product valley the trajectory remains in
the same vibrational state during the separation of the
heavy atoms. This state is also the same as the initial
one due to the exact matching of the reactant and prod-
uct vibrational potential wells.

At large distances between the colliding partners the
reactant and the product vibrational states are uncoupled
from each other and the eigenfunctions x of the vibra-
tional part of the Hamiltonian can be used to construct
the asymptotic solution to the Schrédinger equation

1 a a aya(o
[""z"m*v(xw Ya)] Xi(ya)=(i XI(yu) (a=1,2) . (2.5)

The value of a =1 refers to the reactants’ channel and
a =2 to the products’. At sufficiently large R, and R,,
one has

2
b= 2; ); P8 (xa) xF(a) » (2.6)

where ¢{*(x,) is the wave function for the x, motion.
The sum over i is over all asymptotic states in chan-

‘nel a.

J. Chem., Phys., Vol. 74, No. 3, 1 February 1981



1792

In order to transform the Schrddinger equation into a
set of ordinary differential equations which can be used
to generate solutions of type (2.8) for large x, one needs
a pair of curvilinear coordinates which can be made
arbitrarily close to x,, y, near the bottom of each val-
ley of the potential energy surfdace, for sufficiently

‘large x4.

Several sets of coordinates wigh those properties have
been proposed in the literature.®!? In this paper the
polar coordinates®® !

p=(x5+y3)V% 8=tan™(y4/xa) , 2.7

“which provide a combination of nearly optimal separa-
bility and an extremely simple form of the Hamiltonian,
will be used. .

For large p and moderate y, one has
PEX, , (2.8)

and the vibrational coordinate y, is most conveniently
expressed in terms of the arc length along a circular
arc with origin at x,=X, =0, -

s =pé, (2.9)
namely, at large values of p one has
NES;. Y. =py =5, (p~=). (2.10)

(This s is not the s in Ref. 1.)

Ill. COUPLED CHANNEL EXPANSION
Introducing the change of variable (2.7), the Schrd-
dinger equation (2.4) is transformed into
_180 118 b 0|0, =Ene, ) , (3.1)
3 gﬁ 2 o 8p o\v, ’ ’ ’ .

where Hy(6, p) is the quasivibrational part of the Hamil-
tonian in which p is a parameter:

11 @
H°=-‘§;5W+V(9,p) .

At fixed p one can use Eq. (2.9) and transform Eq. (3.2)
to the form of a one-dimensional Hamiltonian in the vari-
able s as

(3.2)

1 8%
' Hn=-§gs+V(S/p,p) ) (3.3)
Hoxy(s,p)=€,(p) x,(s; p) , (3.4)

where the x;(s; p) can be taken as real, and [y;(s; p)
xx,(s; p) pdo equals 8, at fixed p. When p becomes
large, we shall indicate whether s is the range corre-
sponding to the reactants’ channel by writing

(3.5)

where x}(y,) satisfies Eq. (2.5), or whether it is in the
range cooresponding to the products’ channel by writing

(p~=). (3.6)

For large p, Eq. (3. 2) reduces to a vibrational Ham-
iltonian for a diatomic molecule in the vicinity of a po-
tential minimum, given by Eq. (2.5), when expressed
in terms of (x,y) coordinates.

Xs(s; 0) =xMs; P)=xMy) o==),

X;(s3 p) = x3(s; p) & x¥(y2)
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Since the eigenfunctions of Eq. (3.2) for large p can
be written in terms of the solutions of Eq. (2.5), one
can geek a solution of Eq. (3.1) in a form which can be
readily reduced to the form of the asymptotic solutions
of Eq. (2.4) for large p, namely,

Y= ; (o) x,(s; 0) (3.7)

which for large p can also be rewritten instead as Eq.

(2.6). Wave functions 7,(6; p), defined by

(65 p) =p*'2x,(s; p) , (3.8)
with the normalization

(mln,)=fn. n,d6=5 (3.9)

are next introduced.

Substituting Eqs. (3.7) and (3.8) into Eq. (3.1), pre-
multiplying by p'/%n,(s; p), using Eq. (2.9) and inte-
grating over 8, one gets an infinite set of ordinary cou-
pled differential equations in p for the coefficient func-

tions 4)‘ (p)

2
(-3~ (2-a ) o
o od 1
wZ(-Pugpegeu)e@=0, G0
where -
Py =(x] -i 5%»[):,) (3.11)
and
2
Qs =l = 5oz Ixs) - (8.12)

€, is given by Eq. (3.4) and the brackets denote mtegra-
tion over 8, as in Eq. (3.9).

Equation (3.10) is formally equivalent to the Schrd-
dinger equation (2.4) or Eq. (3.1). By solving it* and
imposing the scattering boundary conditions one can get
the full scattering solution of Eq. (2.4). As shown in
the next section, however for symmetric hydrogen atom
exchange between two heavy atoms one can at low ener-
gies obtain a good approximate solution without solving
coupled equations.

IV. SYMMETRIC HYDROGEN ATOM EXCHANGE

If atoms A and C are the same, the potential energy
function V(p, 8) is symmetric about § =v/2, and there
are two distinct kinds of eigenfunctions of Eq. (3.3)
which are symmetric and antisymmetric about 8=v/2,
respectively. All the coupling elements [(3. 11), (3.12)]
between the symmetric and the antisymmetric eigen-
functions X, of Eq. (3.3) vanish by symmetry and the
system (3.10) can be decoupled into two systems for the
coefficients ¢*(p) and ¢°(p) of the symmetric and the
antisymmetric wave functions x,(s,p), respectively,

[ (o)t

+:Z-o:(- “dp 2Q*l)¢:(9) =0 (B=s,a). (4.1)
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Further, for collisions involving transfer of a hydrogen
atom between two heavy atoms at low energies the Ham-~
iltonian is nearly adiabatically separable in the coordi-
nates p, 6 and the coupling elements P}, between the
ground and the higher states of the same symmetry are
expected to be small. In addition, at low energies near
the reaction threshold only one state of each symmetry
is open asymptotically, and the effective coupling P, to
the classically forbidden states is weak. Since the @,
depend solely on the Py, '* the infinite sum in Eq. (4.1).
can be neglected and the equation reduces to
2

[0 st -gplet=zot G0, @
where ¢: refers to p motion for the lowest vibrational
state of symmetry 8,

The solution of Eq. (4.2) for large p yields the scat-
tering solution of Eq. (3.1) in terms of the symmetric
and antisymmetric ground state eigenfunctions of Eq.
(3.8). The latter can be written as linear combination
of the ground vibrational states of the reactants and
products:

x3(s;p) = 713 [xd(s; p)= x3(s; P)] . (4.3)
The xi(s, p) corresponds to the system being in the reac-
tants’ configuration, and xi(s; p) in the products’ config-
uration. The s superscript in Eq. (4.3) refers to the
plus sign.

For sufficiently large p the coordinates (s, p) can be
made arbitrarily close to the Cartesian coordinates x,,
¥4 in the region near the minimum of the well in the re-
detant (@ =1) or product (a=2) configuration. The vibra
tional wave functions x}'%(s; p) then reduce to the uncou-
pled vibrational wave functions of the reactants and the
products, as in the second half of Eqs. (3.5) and (3. 86).

The wave function solution of Eq. (3.1) in the ground
vibrational state

(s, p) =40} x§(s; p) + 5(0) x3(s; o) 4.4)

can hence be written for large p, using Eq. (4.3), as
¥(s, )~ $5(0) xb(s; p) + b5(P) Xi(s; P)

~ (%)) x5 y1) + DB(xa) X3 v - (4.5)

Comparing Eqs. (4.3), (4.5), (3.5), and (3.6) one can
write, for large p, '

O¥*e,, )~ 75 9800+ 636)] (4.6)

where the 1 superscript refers to the plus sign.

Writing the asymptotic solution of Eq. (3.1) in terms
of an S matrix

o = [exp(= ikx,) + S5 exp(ikx) | X3( 1) + S5 exp(ikxs) X§( va) 2
: (4.7

where Y and S, are the amplitudes of the nonreactive
and reactive outgoing waves, respectively, i.e., the
nonreactive and reactive S-matrix elements, one ob-
tains

1793

S¥o=4 [exp(2itd) + exp(2it8)] = exp[i(£5 + £5)] cos(£g+ £3

(4.8)
and
S8 =4 [(exp(2itd) - exp(2i£8)] = exp(i(£§ + £5) | sin(£§ - (3) o
4.9

where £ and £§ are the elastic phase shifts obtained by
solving Eq. (4.2).

The zero order approximation to the reactive transi-
tion probability in a symmetric collinear hydrogen atom
exchange collision is hence given by

P=|S%|2=sin(£s - £3) . (4.10)

Equation (4. 10) is the same as the expression for the
S-matrix elements in the case of exact resonance in
atomic collisions involving transfer of an electron or
electronic excitation between two identical atoms.®

Equation (4. 10) is the desired expression for the prob-
ability of transferring a light particle in a low energy
collinear collision based on the adiabaticity of the light
particle vibration throughout the collision. In order to
obtain numerically the values of the transition probability
as given by Eq. (4. 10) as a function of energy at low en-
ergies, one needs to solve first for the two lowest eigen-
values €2°(p) of H, [Eq. (3.3)] for several values of the
parameters p and then evaluate the phase shifts &g° for
scattering on the effective potentials €g'® for the heavy
particle motion along p by solving Eq. (4.2) at the de-
sired energies.

Some numerical results of applying Eq. (4.10) are
given in Sec. VI. In the next section we evaluate the
semiclassical limit of the quantum mechanical result
(4.10), thereby exhibiting some of the relevant aspects
of the collision dynamics in a more intuitive, semiclas-
sical way (cf. also Sec. VI).

V. SEMICLASS‘ICAL LIMIT OF THE TRANSITION
PROBABILITY EXPRESSION

If the potential energy surface for the collinear sym-
metric hydrogen exchange V(s; p) has a sufficiently large
barrier, the reaction will at low energies proceed by
tunneling and the progability for reaction atenergies be-
low the classical threshold will be nonzero but small.
All the quantities needed for calculating the transition
probability in Eq. (4.10) for those energies can be eval-
uated semiclassically.

The “vibrational” potential energy curve V(s; p) will
be a double minimum potential as a function of s for all
the values of p relevant for determining the reaction
probabilities in the tunneling region. Moreover, both
the lowest symmetric and the lowest antisymmetric ei-
genvalue of the double-well potential will be below the
barrier maximum (Fig. 2) so that a simple semiclassi-
cal approximation can be used for their evaluation. The
semiclassical condition for determining the lowest pair
of eigenvalues of a symmetric double-well potential be-
low the top of the barrier is given by'®'!

8
Igp(s; plds=1/2£e%¢ , (5.1)

(2
where
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FIG. 2, A cut through the potential energy function V(s, p) for
p=13.7 on surface 2; semiclassical (WKB) single-well eigen-
value € (p}, as determined by Eq. (5.3) (full line); semiclassi-
cal approximation to the symmetric and the antisymmetric
double minimum eigenvalues, given by Eq. (5.1) (dashed lines).
The points s; and s are defined in the text,

o3 .
Q)= [, pls; p)ds, pls; p)=12[<(o) - Vis; )] /2 .
2
(5.2)

The s; denote the turning points for the motion on the
double-well potential (Fig. 2) and are slightly different
for the + and - states in Eq. (5.1). The s{ denote the
turning points for the motion in each of the two separate
single-well potentials (Fig. 2). The mean energy of the
first two eigenvalues, which will be denoted by €y(p), is
in the limit of small splitting given by the usual semi-
claswsical eigenvalue condition for a single well poten-
tial

g

[9 pls; pds =n/2 . (5.3)
Their splitting is given by'®"

(o) - %) =2 Ey(p) 9% (5.4)

Here, Ey(p) is the ground state eigenvalue for a single
well potential as determined by Eq. (5.3). E(p) is mea-
sured from the bottom of the well, i.e., Ey(p) =¢€4(p)

— Vawlss p). The energy splitting of the eigenvalue of
the symmetric double-well potential is hence propor-
tional to the tunneling amplitude from one well to the

other, exp[-Q(0)].

If the batrrier on the potential energy surface is suffi-
ciently large, both the symmetric and the antisymmetric
eigenvalues €*'%(p) will change monotonically with in-
creasing p and the elastic phase shifts for scattering on

V. K. Babamov and R. A. Marcus: Proton transfer reactions

€%(p) and €*(p) can be evaluated semiclassically as

]
#=p%)p- [ p6")dp’ (B=s,a) , (5.5)
(]

where p®(p) ={2[E - €*(p)]}*/® and p; Is the classical turn-
ing point on the effective potential €*(p) for the p motion.
The difference of the elastic phase shifts, which deter-
mines the reactive transition probability in Eq. (4.10),
is then

s’-e“=fp’(p)dp-_[p‘(p)dp, p=o .

(5.6)

A difference of phase integrals similar to Eq. (5.6)
appears in the semiclassical treatment of curve cross-
ing problems and is often approximated by*®

P

£ - £3= A Enl(p)' [€%(p) - *(p)]dp , (5.7
where po(p) ={2[E - €,(p)]}*/ and p, is the value of p at
the classical turning point of the “mean” potential ener-
gy curve €o(p). Equation (5.7) is often referred to'® as
the “classical path” approximation since it leads to re-
sults similar to those cbtained by assuming the existence
of the time dependent classical path p(t). The assump-
tions used in obtaining Eq. (5.7) are however less
stringent than the assumption of the existence of a time-
dependent classical path for the p motion. 1*‘®

Using Eqs. (5.4) and (5.7) Eq. (4. 10) can be written as

P =sin®(£8 - £8) = (£§ - £0)° , (5.8)
where

s_za_2 (" Edp) -0

& Eo*n j;o PolP) e dp . (5.9) .

Equation (5.9) gives the semiclassical limit of the
hydrogen atom exchange probability P§, as an integral
of the hydrogen atom tunneling amplitude over the con-
figuration space of the heavy atoms. A further physical
insight into the structure of Eq. (5.9) can be obtained
by the explicit introduction of the classical path approxi-
mation as shown in Sec. VII.

We next proceed to evaluate the integral in Eq. (5.9)
approximately. Typically, e 9®’ will decay with in-
creasing p sufficiently rapidly so that the integral above
is determined by the values of the integrand in a narrow
region around the classical turning point for the heavy
particles motion p,. In the vicinity of p, the slowly vary-
ing vibrational eigenvalue Eq{p) can be approximated by
its value at the turning point ES. Both pi(p) = 2[E - €,(p)]
and Q(p) are next approximated by their power series
expansions around p, truncated at the linear term. Thus,

Eolp)) = E§ , (5.10a)

PEo) =20 —po) b €h=~ [d—f‘;;("—)]m , (5. 10b)
0

=@+ (p-p) @ @=[22E] (5100

where @, denotes @(p,). Substituting Eq. (5.10) into Eq.
(5.9) and performing the integration, one obtains

J. Chem. Phys., Vol 74, No. 3, 1 February 1981
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>

Energy (kcal)
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p (mass weighted o.u.}

FIG. 3. The first two symmetric and antisymmetric diagonal

matrix elements €§ (p) (Eq. (4.3)) for surface 1 (moderate bar-

rier surface with F + HF asymptotic parameters).

0
(PR)2= |5 = 83 - £3= T 2ifry ¢"%0=y e ,
(7€0 Q)

(5.11)
where 7 is defined by the right-hand equality in Eq.
(5.11), @, is given by Eq. (5.2) evaluated at p=py, and
€,(p) is defined as the eigenvalue satisfying Eq. (5.3).
Equation (5.11) is given also in Ref. 7, with a slightly
different tunneling path and €y(p) function (polar coordi-
nates were not used).

The reactive transition amplitude is hence given by
the penetration amplitude for the hydrogen atom tunnel-
ing e™90 at the classical turning point of the heavy par-
ticles multiplied by a pre-exponential factor v.

VI. NUMERICAL TESTS

The reactive transition probabilities as a function of
the collision energy were evaluated for two different
LEPS potential energy surfaces. The first one was
chosen using as asymptotic parameters®*®’ those for
the F+ HF = FH+ F reaction. Three different Sato pa-
rameters of 0.15, 0.1, and 0 were used to obtain sur-
faces with a low (~ 1.5 kcal), moderate (~6 keal), and
high (~ 19 kcal) barrier at the saddle point. These three

1.0 /
by
I» ! \ F+HF —FH+F
. \
. \
@ o @\
! mw; 1 moderate high |
Poo : \
035 M \
] v
$
t \
¥ \
Yo
k
I
ey 1B - !
® 10 15 20 25 30

4
Total Energy {kcal}

FIG.:4. The ground vibrational state reactive transition ;iro-
bability P [Eq. (4.10)] (full line) as a iunction of total energy

for surfaces la, b, and ¢ (FH+F with low, moderate and high

saddle polnt barrier). The vertical arrows on the abscissa
denote the saddle point barrier heights for surfaces b and c¢.
The a curve has two sharp peaks as indicated. Some purely
classical trajectory results for the moderate barrier surface
15 in the threshold region are also shown (dashed line).

o
[5.)
T

) 1 L 1
10 20

15
Total Energy (kcal)
FIG. 5. The ground vibrational state reactive transition pro-
bability P§ for surface 2 (CH; + CH,— CH, +CH;). The vertical
arrow on the abscissa denotes the saddle point barrier height.

surfaces will be denoted as surfaces la, 15, and lc, re-
spectively. Only the last one has a barrier height which
roughly corresponds to the expected barrier for the re-
action®®; the other two were included toexamine thein-
fluence of the barrier height of the reaction dynamics.
The second surface has parameters chosen to simulate
the CH, + CHy—~ CH; + CH, reaction. The asymptotic pa-
rameters are the same as those of Ref. 7(a) and the

Sato parameter was chosen to be S=0.185.* The re-
sulting barrier at the saddle point is 13.8 kcal.

The quasivibrational eigenvalues, 1.e., the eigenvalues

of Eq. (3.3), were evaluated using the finite element
method of Malik, Eccles, and Secrest.®® The first two
symmetric and antisymmetric state eigenvalues are
shown in Fig. 3 as a function of p for surface 15.

The present approximation to the reactive transition
probability (4. 10) was obtained by solving Eq. (4.2) nu-
merically using Gordon’s method® to obtain the elastic
phase shifts. The reactive transition probability as a
function of the total energy is shown in Fig. 4 for sur-
faces la, 1b, 1c and in Fig. 5 for surface 2. This
transition probability as a function of energy is shown
on a logarithmic scale in the tunneling region in Figs.

6 and 7. Some classical trajectory results for the mod-
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6 -
o F
zlo
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o
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80 ' 8:5
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* FIG. 6. Logarithm of the reactive transition probability P§
vs total energy (Eq. (4.10)] for surface 1b.
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FIG. 7. Logarithm of the transition probability P§ vs total
energy [Eq. (4.10)] for surface 2.

erate barrier surface 1b are also shown in Fig. 4.

A method well suited for performing accurate quantum
mechanical calculations involving a symmetric hydrogen
atom exchange between two heavy atoms (or any atom
diatomic molecule reaction) has been developed by Kup-
permann, Kaye, and Dwyer.'3%*® The results of the
present approximation for the systems studied here are
in good agreement with preliminary results obtained
using that method.!**® In particular, the shape of the
transition probability vs energy curve for all the sys-
tems studied is reproduced quite accurately. The fea-
tures included in this curve are the peaks for surfaces
1a and 15 due to shape resonances in the solution of Eq.
(4.2)%*" and the large oscillations [Figs. 4(c) and 5]
due to smooth increases of the phase difference in Eq.
(4.10) through 21. There is a small shift of 0.04-0.12
keal/mole of the approximate curve in Figs. 5-8 to-
ward the lower energy relative to the coupled channel
results in the threshold region. The shift increases at
higher energies, particularly for the low barrier reac-
tions. Even smaller shifts can be expected for colli-
sions in which a hydrogen atom is transferred between’
still heavier atoms. In contrast, for the collisions of
the X + HX series, where X is a hydrogen atom isotope
for which accurate coupled channel results exist, '>*” @
the corresponding shifts are much larger (0.5-1,0 keal
in the threshold region).®

VIl. DISCUSSION

The results presented in the precedtng section indi-
cate that there s an effective adiabatic separation be-

V. K. Babamov and R. A. Marcus: Proton transfer reactions

tween the fast hydrogen atom vibration and the slow
translation of heavier atoms in hydrogen atom exchange
reactions at energies near the reaction threshold. The
polar coordinates used here are sufficiently close to the
dynamical variables between which the optimum adia-
batic separation exists at any point in the reaction, and
80 are useful for these approximate calculations.

At energies at which only the ground vibrational state
is asymptotically open, the reaction transition probabil -
ity for a symmetric exchange reaction can always be
written rigorously in the form (4. 10} if one replaces the
adiabatic phase shifts £ '® obtalned by solving Eq. (4.3)
by the exact phase shifts® which in the present formula-
tion can be obtained by solving Eq. (4. 2). However,
only for the transfer of a light particle between two
heavy ones are the polar coordinates sufficiently close
to the optimally separable ones and Eq. (4.10).then pro-
vides a good approximation to the transition probabili-
ties.

The principal approximations in the analysis leading
to Eq. (4.10) are (i) neglect of nonadiabatic effects and
(ii) use of polar coordinates to treat the dynamics.

Each could be improved, e.g., in (i) by including per- .
turbatively a nonadiabatic correction to an elastic phase
shift in Eq. (4.2), particularly in the case of any near
avoided crossing of the €3(p) and €{(p) curves. However,
for the present mass ratios the current approximations
are seen to be quite adequate for the systems treated.

A distinct feature of the hydrogen atom or proton
transfer reaction between two heavy atoms on potential .
energy surfaces with high barriers is, as shown in Figs.
5(c) and 6, the unusually large amount of tunneling, i.e.,
there is an appreciable reaction probability when the
total energy of the reaction is below the top of the sad-
dle point barrier. Reactions with different mass com-
binations for which the characteristic angle ¥ in Eq.
(2.3) is much closer to 80° can be, at least qualitative-
ly, understood in terms of natural collision coordinates.’
The vibrational motion in those coordinates is perpen-
dicular to the reaction coordinate and the part of energy
tied up as vibration is unavailable for crossing the bar-
rier. In the present case the vibrational coordinate is
parallel to the reaction coordinate (see Fig. 1) only in
the region of closest approach, and is utilized in sur-
mounting the barrier between the reactant and the prod-
uct channel. '

We now turn to the semiclassical expression (5.8).*
This expression points to an intuitive way of understand-
ing the physical factors which determine the transition
probability in the tunneling region. The value of the
transition probability in the tunneling region in Eq.
(5.11) is determined mainly by the amplitude for the hy-
drogen atom tunneling in one dimension across the ridge
between the two channels at the classical turning point
for the heavy particle motion, given by ¢ 0, The pre-
exponential factor ¥ is, for the systems 1b, 1lc¢, and 2,
within a factor of 5§ from unity and depends on the char-
acteristics of a particular surface.’

Equation (5.11) can also be obtained by treating the
heavy particle motions classically and the hydrogen
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atom motion quantum mechanically. The approach used
above, however, yields the same result without the re-
strictive assumption of existence of a time-dependent
classical trajectory for the heavy particle motion. The
classical path picture can nevertheless be used to gain
additional insight into the structure of Eq. (5.9)and into
the nature of the pre-exponential factor in Eq. (5.11).
If, starting from Eq. (5.9), one introduces explicitly a
classical trajectory p(t) for the classical motion of the
heavy atoms on the one-dimensional mean potential
curve €,(p), the local heavy particle velocity and mo-
mentum c¢an be written as

bolo) =vo(p) =dp/dt (m=1) . (7.1)

The local vibrational energy Eq(p) can be written in
terms of the vibrational frequency % kv, i.e., in terms
of the vibrational period, as

Eolpt))=a/7[p()] (B=1) , (7.2)
where 7 is the vibrational period of the s motion for a
given p(f) and hence for a given . Substituting Eqs.
(7.1) and (7. 2) into Eq. (5.9), one obtains

|s&| =f e d/r . (7.3)
[A factor of 2 in Eq. (5.9), and symmetry about the time

of closest approach [@(f) =@(~#)], results in the integra-
tion limits being —« to +% instead of — to 0, ]

- According to Eq. (7.3) the reactive transition ampli-
tude can be obtained by lntegrating over the time-depen-
dent tunneling amplitude for tunneling of the hydrogen
atom into the product region over the time of approach
and separation of the heavy particles.

Equation (7. 3) is a classical path approximation.
However, it can be used to obtain a semiclassical tun-
neling correction for use of an ensemble of purely clas-
sical trajectories below the classical threshold as fol-
lows: Dividing the integration range in Eq. (7.3) into
increments over one vibrational period each, one ob-
tains

g7
lsg‘,l=‘z _[' ‘e""“dt/-r, .
[

Integrating d(¢/7) over an interval ¢; +7; in Eq. (7.4)
corresponds in an ensemble of trajectories to averaging
over the initial vibrational phase (classical angle vari-
‘able). Thereby, Eq. (7.4) becomes

|s&l S(g e'°'> ’

where the brackets { ) indicate an average over the ini-
tial vibrational phase and @, denotes the value of Q(t)

at the ith inner vibrational turning point (i. e., the point
closest to the products’ region), whose p value in turn
varies with initial vibrational phase.

Hence, the reactive transition amplitude can be ob-
tained from an ensemble of purely classical trajectories
by summing the amplitudes for tunneling into the prod-
uct region at every inner vibrational turning point dur-
ing the approach of the reactants and during their sepa-
ration.

(7.4)

(7.5)

7
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In spite of the additional approximations used in de- -
riving Eq. (7.5), the latter could give better results
for the transition probability in the tunneling region than
the quantum expression (4.10). The use of exact classi-
cal mechanics provides a more accurate description of
the p~s dynamics within a channel than the decoupling
approximation, clearly at the price of the additional ef-
fort needed to solve for the classical dynamics exactly.

Another advantage of Eq. (7.5) is that its use can
straightforwardly, albeit heuristically, be extended to
multidimensional systems in order to obtain an approxi-
mation for the tunneling corrections to the results of
purely classical trajectory studies. The increasing
complications with systems with many degrees of free-
dom make the exact quantum calculations computation-
ally difficult at the present time, while the classical
trajectory studies can be done more easily.
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